We investigate the coupled-system dynamics of two-level quantum dots placed on a vibrating nanomechanical resonator. The ensemble of quantum dots exhibits superradiance features which are transferred to the mechanical degrees of freedom representing fast quantum dynamics and enhanced phonon emission in a nanomechanical setup, resembling of the superradiance effect.
I. INTRODUCTION
First discovered by Dicke [1] , the phenomenon of superradiance (SR) plays an important role in the context of collective quantum processes. SR can be understood as a collective giant dipole resulting from an ensemble of closely packed emitters. As a result, the spontaneous emission dynamics is modified, leading to a reduced radiative lifetime as well as an enhanced emission intensity (proportional to the square of the number of excited emitters). Interestingly, the speed up of the spontaneous decay also occurs for single-photon excitations [2] , i.e., when only a single emitter of the atomic sample is excited. From early experiments with driven gases [3] , SR has been investigated intensely in various theoretical and experimental approaches [4] [5] [6] [7] [8] . Since then, remarkable results have been achieved and SR was observed in molecular aggregates [9] and crystals [10] , as well as in Bose-Einstein condensates where Dicke phase transition occurs [11] . Another important goal was achieved in the realm of condensed matter physics, where SR was observed within a collection of quantum dots (QDs) [12] . Moreover, single-photon SR has been reported recently for artificial atomic samples [13] , whereas an analytical framework for the engineering of single-photon SR in extended media was developed in [14] . Quantum wells allow for even more exotic SR behavior as their excited statesthe excitons-are created in a two-dimensional layer [8] , which is different from the QD case where excitons are well localized in space.
In condensed matter systems, it is also possible to couple quantum optical systems to quantum mechanical vibrations at mesoscopic scales. Nowadays, such scenarios are investigated in the field of optomechanics [15] . Advances in the fabrication techniques of optomechanical devices [16] have led to a series of fundamental experimental achievements like near-ground state quantum cooling [17, 18] , the phonon laser analogue [19] , or squeezing of the mechanical motion [20] . Furthermore, the manipulation and confinement of phonons may be facilitated or enhanced when quantum mechanical resonators are considered. Therefore, single-mode phonon fields may be obtained through different architectures of resonators such as nanobeams [17] , vibrating membranes [21, 22] , or multilayered acoustic nanocavities [23] .
Motivated by these achievements, we consider here a setup where collective radiative effects and nanomechanical motion are brought together. In particular, we envision a model of a collection of initially excited two-level QDs which are embedded on a nanomechanical resonator. The QDs are spatially arranged to allow for a superradiant collective decay. The nanomechanical vibrations couple to the QDs excited states, leading to a modified phonon dynamics. In fact, we observe that the resulting dynamics has cooperative features in both the phonon emission time scales and the intensity of the generated phonon field. In other words, we investigate phonon superradiance in a nanomechanical setup. This effect may improve the optical mass sensing or biosensing schemes described in [24, 25] , respectively, or to enhance ultraweak signal detections [25, 26] . Notice that the phenomenon of phonon superradiance was investigated in a different context in [27, 28] , for instance. This paper is organized as follows. In Sec. II, we describe the analytic model and analyze the relevant equations of motion via the system's master equation. In Sec. III, we solve these equations and discuss the resulting dynamics of the QDs' excitation and the phonon field. A summary is given in Sec. IV.
II. THE MODEL AND EQUATIONS OF MOTION
We consider a collection of N initially excited two-level quantum dots (QDs) fixed on a vibrating membrane (see Fig. 1 ). The membrane acts as a quantum harmonic oscillator (frequency ω) and is coupled to an environmental thermal reservoir of temperature T . The mechanical oscillator couples to each QD of the sample with a coupling constant η. At lower environmental temperatures, one can consider the fundamental mechanical mode exclusively since other modes at higher frequencies contribute only weakly to the whole quantum dynamics. This is the case if the length L of the nanomechanical resonator is considerably bigger than its width l and thickness a [29] . For L ∼ 10 3 nm, a ∼ 30nm and l ∼ 100nm one can still have a sufficient number of quantum dots fixed on the nanomechanical resonator in order to the superradiance effect to occur (the sizes of quantum dots are approximately within few to several nanometers). The corresponding system Hamiltonian is
Here, the first term is the membrane's free single-mode Hamiltonian, expressed via the phonon annihilation and creation operators b and b † , respectively, that obey the usual bosonic commutation relations [b,
The second term represents the free Hamiltonian of the QD sample, where ω qd denotes the QD's transition frequency. In the second term, the collective inversion operator of the QD sample reads
z . Here, the jth QD is described by its excited |e j and ground |g j levels. The corresponding single QD operators are S + j = |e j j g|, S − j = |g j j e|, and S (j) z = |e j j e| − |g j j g| /2. Finally, the last term in Hamiltonian (1) represents the interaction of the QD sample with the phonon field. In particular, we have considered that the membrane's spatial scale is larger than the extent of the QD sample (see Fig. 1 ). Consequently, the coupling strengths of each QD with the vibrational degrees of freedom are identical and have the same magnitude η. The collective operator for the QDs' upper state is defined as S 22 = N j=1 |e j j e|. The system dynamics is described by the master equation for the density matrix operator ρ as [30] 
In this master equation, the damping terms are expressed by the the Liouville superoperator L, which, for a given operator O, is defined as
Here, as usually, the first term of the master equation represents the coherent evolution as determined through Hamiltonian (1), whereas the second and the third terms, respectively, denote the pumping and the damping of the mechanical resonator via the environmental thermal reservoir. The reservoir is described by the mean phonon numbern = 1/ exp ( ω/k B T ) − 1 and the damping rate κ. Here, k B is the Boltzmann constant and T denotes the reservoir's temperature. The last term characterizes the collective spontaneous emission from the sample of QDs as a result from the interaction of the sample with the environmental electromagnetic vacuum field modes. This term is characterized by the single-QD spontaneous decay rate γ, where we have assumed that the spatial separation between different QDs in the sample is much smaller than the QDs' transition wavelength, i.e., we assume a small-volume sample. Hence, the collective operator for the QDs in the master equation (2) is simply the sum of single QD operators, i.e., S ± = N j=1 S ± j . The equations of motion for the mean phonon number b † b , the population inversion S z , and the corresponding correlators follow from master equation (2), resulting in
In deriving these equations, we have used j ≡ N/2 and the relations S z = S 22 − j and S 2 z + (S + S − + S − S + )/2 = j(j + 1). Note that the collective operators satisfy [S + , S − ] = 2S z and [S z , S ± ] = ±S ± . In the next Section, we discuss how we close the set of equations (3).
III. RESULTS AND DISCUSSIONS
In the following, we present two methods of solving the system of equations (3). It is possible to close the system when the number of elements of the sample is either small or big.
A. Small Number of QDs
For only a few QDs, it is possible to solve the system by using the explicit expression of the S 2 z depending terms, i.e., by considering the equations of motion of every S
term. Here, we will consider the simplest cases of a single QD, i.e., N = 1 and a pair of collectively interacting quantum dots (see Appendix A) placed on the membrane. In the first case, N = 1, S 2 z = 1/4 and, hence, the system is closed and analytically solvable. Considering that the QD is initially excited while the membrane is in thermal equilibrium with the reservoir, the temporal behavior of the mean phonon number is given by
Likewise, the temporal evolution of the QD population inversion reads [30] 
For initially excited N = 2 collectively interacting qubits, we solved numerically the system of equations which are given in the Appendix A. The initial condition for the involved variables are: S z = 1, S + S − = 2 and b † b = n, whereas all other variables are zero at t = 0.
In Figure 2 , we depict the dynamics of b † b and S z for the case when a single QD or a pair of collectively interacting QDs are placed on the membrane. We see that the mean phonon number first slightly increases and oscillates as a result of the interaction between the QD sample and the mechanical vibrations. However, for N = 2 the mean vibrational phonon number is enhanced in comparison to single-qubit case although the dynamics is not faster (i.e., one needs larger ensembles to see a rapid evolution) in spite of the fact that the inversion decays faster for N = 2. After the QD's decay, the membrane returns back to thermal equilibrium since in Hamiltonian (1) phonons only couple to the QDs' excited states. Consequently, once the QD reaches its ground state, the phonon field is subject to damping due to the thermal reservoir. Another intrinsic propriety of the model is that the behavior of the QD population decay and its fluorescence dynamics are not affected by the phonon activity in this model. This propriety is observed in the analytic expression of S z (see also Appendix A) and it is also valid for the additional results obtained later for a more numerous QD collection. This is the case if the preparation time, ∆t, of the initial excited state is fast, i.e., it takes place on a time-scale shorter than η −1 .
B. Large QD Samples
For samples of N ≫ 1 QDs, the system of equations (3) can be closed by a factorization of the correlations S . We start with S 2 z ≃ S z 2 , which is equivalent to neglecting the fluctuations of the collective population inversion of the QD sample (and is reasonable as long as N ≫ 1). This assumption does not break the symmetry of the system as there are no new variables introduced. In this context, the collective inversion operator S z (t) simply becomes [6] 
where τ R = 1/(2γN ) and t 0 = τ R log(N ). For the higher order correlations, the system symmetry is also maintained and we can choose either S that this scheme is justified for larger QD ensembles as well as phonon numbers.
Using the numerical solution of the system of equations (3), we depict the dynamics of the collective population inversion of the QD sample and the corresponding fluorescence intensity I(t) ∝ −∂ S z /∂t in Fig. 3 for which we have chosen S z t=0 = j, S z b t=0 = S z b † t=0 = b t=0 = b † t=0 = 0, and b † b t=0 =n as initial conditions. Note that the two-level sample can be excited initially with a short laser pulse of duration ∆t < 1/η in order to avoid the influence of vibrational phonons on the preparation stage. Similar to the single-QD case, the vibrations of the membrane do not affect the behavior of S z (t) and ∂ S z (t) /∂t, resembling the classical superradiance effect of a small volume sample. Indeed, one obtains a decrease of the QDs lifetime which is inversely proportional to N , whereas the intensity increases proportional to N 2 . Evidently, the maximum fluorescence intensity is reached for an equal number of QDs in the excited and ground states, respectively (see Figure 3) .
On the other hand, the phonon dynamics is affected by the collective effect within the QD sample as shown in Fig. 4 . Here, a collective behavior is observed in both a reduced lifetime and an enhanced mean phonon number. This can be explained as follows. The membrane's vibrations interact with the QDs' excited states and, therefore, the time scale for when phonons are created is related to the decay rate of the atomic sample. Then-in analogy to the single-QD case-when the QD sample approaches its collective ground state, the phonon dynamics becomes dominated by damping phenomena due to the environmental reservoir. Hence, the mean phonon number decreases to its initial valuen, characterizing equilibrium with the thermal reservoir. Further, the superradiance effect exhibits a bell-like behavior for the collective intensity. One can identify this behavior in Fig. 4 together with faster dynamics in comparison to the single-qubit case. However, the intensity does not simply scale as N 2 although one has a clear enhancement of phonon emission. In the absence of collective effects, we would have a similar behavior as shown in Fig. 2 for N = 1, i. e. no fast dynamics. However, the phonon number will be enhanced as well as a result of the coupling of many independent qubits to phonons.
Note that although the phonon cooperative effect is interconnected to the collective phenomena within the QD sample-and therefore to the number N of QDsthe maximum mean phonon number is also determined by the damping rate κ. This can be seen in Fig. 4 as the superradiant phonon emission increases in width and maximum for weaker damping (i.e. for smaller κ), resembling a good or bad cavity limit, respectively.
IV. SUMMARY
In conclusion, we have investigated the quantum dynamics of a coupled system composed of an ensemble of two-level quantum dots that are fixed on a vibrating, nano-mechanical membrane. We have discussed the temporal evolution and the underlying equations of motion in detail. As the main result, we found that the QD sample exhibits superradiance features which are transferred to the vibrational degrees of freedom of the nanomechanical resonator, leading to phonon effects resembling superradiance in a nanomechanical setup. Furthermore, the detection of photon superradiance ensures the existence of phonon superradiance. Thus, our scheme may serve as a vibrational phonon detector in case of superradiance effects.
